The Graovac-Pisanski index, also called the modified Wiener index, was introduced in 1991 and represents an extension of the original Wiener index, because it considers beside the distances in a graph also its symmetries. Similarly as Wiener in 1947 showed the correlation of the Wiener indices of the alkane series with the boiling points,Črepnjak, Tratnik, andŽigert Pleteršek recently found out that the Graovac-Pisanski index is correlated with the melting points of some hydrocarbon molecules. The examples showed that for all the considered molecular graphs the Graovac-Pisanski index is an integer number.
Introduction
In [16] we can find the following definition: "The molecular descriptor is the final result of a logic and mathematical procedure which transforms chemical information encoded within a symbolic representation of a molecule into a useful number or the result of some standardized experiment".
Since the seminal research by Wiener from 1947 [19] many molecular descriptors, i.e. graph invariants, were introduced. Different variations of the Wiener index have been known since then, one of them being the Graovac-Pisanski index [8] , also called the modified Wiener index. The advantage of this index in comparison to other distancebased indices is in the encountering of the symmetries of a graph, since the symmetries of a molecule have an influence on its properties [14] .
On one side, the mathematical properties of the Graovac-Pisanski index were investigated. For example, the index was intensely studied for nanostructures [2, 3, [9] [10] [11] 15] , some general results on the Graovac-Pisanski index were obtained [5, 7] , the closed formulae for carbon nanotubes were calculated [17, 18] , and the symmetries of molecules were studied [12, 13] . On the other side, the chemical usefulness of the Graovac-Pisanski index was shown in [4] , where the connection with the topological efficiency was considered and later in [6] , where the correlation with the melting points of some families of hydrocarbon molecules was established. This was done with the use of the QSPR analysis and for all the considered molecular graphs from [6] the Graovac-Pisanski index is an integer number. Naturally, the question whether the Graovac-Pisanki index is an integer number for all connected graphs arises by this observation.
We proceed as follows. In the next section, some basic notation is introduced and important definitions are included. In Section 3, we prove that the Graovac-Pisanski index of any connected bipartite graph is an integer number. Moreover, we show that the same conclusion holds also for any connected graph with an even number of vertices. In particular, this means that for every fullerene the Graovac-Pisanski index is an integer.
Finally, in Section 4 we use a computer programme to obtain the number of connected graphs on at most nine vertices for which the Graovac-Pisanski index is not an integer.
An infinite family of graphs with a non-integer Graovac-Pisanski index is also included.
Preliminaries
All the graphs considered in this paper are simple, finite and connected. The distance d G (u, v) between vertices u and v of a graph G is the length of a shortest path between vertices u and v in G. A bipartite graph is a graph whose vertices can be divided into two disjoint sets U and V such that every edge connects a vertex in U to one in V . Vertex subsets U and V will be called the bipartite sets of the graph.
The Wiener index of a connected graph G is defined as follows:
Also, for any S ⊆ V (G) we define
An isomorphism of graphs G and H is a bijection f : V (G) → V (H), such that for any two vertices u and v from G it holds that u and v are adjacent in G if and only if f (u) and
is an isomorphism then the function f is called an automorphism of the graph G. It is easy to check that the composition of two automorphisms is another automorphism. Moreover, the set of all automorphisms of a given graph G, under the composition operation, forms the automorphism group of G, denoted by Aut(G).
Let G be a connected graph. The Graovac-Pisanski index of G is defined as
Let us mention, that for the Graovac-Pisanski index, also known as the modified Wiener index, the notation W (G) is used, but to clear the confusion in the area of variations of the Wiener indices, we use the name Graovac-Pisanski index, as suggested in [7] and denote it with the GP(G).
Finally, we include some basic definitions from group theory. If G is a group and X is a set, then a group action φ of G on X is a function φ : G × X → X that satisfies the following: φ(e, x) = x for any x ∈ X (here, e is the neutral element of G) and φ(gh, x) = φ(g, φ(h, x)) for all g, h ∈ G and x ∈ X. The orbit of an element x in X is the set of elements in X to which x can be moved by the elements of G, i.e. the set {φ(g, x) | g ∈ G}.
If G is a graph and Aut(G) the automorphism group, then φ :
It was shown by Graovac and Pisanski [8] that if V 1 , . . . , V t are the orbits under the natural action of the group Aut(G) on V (G), then
Main result
In this section we prove the main result of the paper, i.e. the Graovac-Pisanski index of any connected bipartite graph is always an integer number.
First, we will rewrite the Graovac-Pisanski index in another form. For this purpose, we need some additional definitions. Let G be a graph and let u ∈ V (G). The distance of u in G, w G (u), is the sum of from u to all the other vertices of G. That is,
. Using the distance, one can rewrite the Wiener index for S ⊆ V (G) as follows
Proposition 3.1 Let G be a connected graph and let v 1 , . . . , v t be the representatives of orbits V 1 , . . . , V t under the natural action of the group Aut(G) on V (G). Then
Proof. If two vertices u, v are in the same orbit V i , i ∈ {1, . . . , t}, then it obviously holds w V i (u) = w V i (v). Since all the vertices in the same orbit have the very same sum of distances, inserting (2) into (1) we get
and the required result follows.
By (3) we get the following observations.
Corollary 3.2 If G is a connected graph with an even number of vertices, then GP(G)
is an integer number.
Corollary 3.3 The Graovac-Pisanski index of any connected graph is either an integer
or half of an integer number.
However, if G is bipartite, we can say more. The following result is the main result of this paper.
Theorem 3.4 If G is a connected bipartite graph, then GP(G) is an integer number.
Proof. Let G be a bipartite graph and let U, V be the bipartition of V (G). That is, no edge connects two vertices of U and no edge connects two vertices of V . We consider two cases:
(i) There is ψ ∈ Aut(G) such that ψ(u) = v for some u ∈ U and v ∈ V .
In this case, we will show that ψ reverses the bipartite sets, i.e. ψ(x) ∈ V for any x ∈ U and ψ(y) ∈ U for any y ∈ V . To prove this, suppose that x ∈ U but ψ(x) also belongs to U. Since u, x ∈ U, the distance d G (u, x) is an even number.
Therefore, since ψ is an automorphism,
and therefore, this is a contradiction. In a similar way one can show ψ(y) ∈ U for any y ∈ V . We have proved that ψ reverses the bipartite sets. Moreover, the restriction of ψ on U, ψ| U , is a bijection from U to V . Consequently, |U| = |V | and |V (G)| is even. By Corollary 3.2, the Graovac-Pisanski index of G is an integer number.
(ii) There is no automorphism that reverses the bipartite sets.
In this case, if u and v are two vertices from the same orbit, these two vertices are also in the same bipartite set. Therefore, the distance between them must be even. Consequently, if v 1 , . . . , v t are the representatives of orbits V 1 , . . . , V t under the natural action of the group Aut(G) on V (G), all the distances w V i (v i ) are even in (3), and so the Graovac-Pisanski index is again an integer number.
Since the Graovac-Pisanski index is an integer number in both cases, the proof is complete.
A fullerene G is a 3-connected 3-regular plane graph such that every face is bounded by either a pentagon or a hexagon. By Euler's formula, it follows that the number of pentagonal faces of a fullerene is exactly 12. For more information on fullerenes see [1] .
We conclude this section with the following result about the Graovac-Pisanski index of fullerenes. In Table 1 we present the number of connected graphs on n vertices, n ∈ {3, 5, 7, 9}, whose Graovac-Pisanski index is not an integer number. The results were obtained by using a computer programme.
Number of vertices 3 5 7 9 Number of connected graphs 2 21 853 261080 Number of graphs whose GP index is integer 2 14 516 197584 Number of graphs whose GP index is not integer 0 7 337 18496 Table 1 . Number of connected graphs on 3, 5, 7, and 9 vertices, divided in those with an integer and those with a non-integer Graovac-Pisanski index
In Figure 1 we can see all the connected graphs on 5 vertices whose Graovac-Pisanski index is not an integer number.
Finally, the following theorem presents an infinite class of unicyclic graphs for which the Graovac-Pisanski index is not an integer number. 
